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Abstract
We show that the Helmholtz equation describing the propagation of transverse electric
waves in a Kerr slab with a complex linear permittivity and a complex Kerr coefficient admits
blow-up solutions provided that the real part of the Kerr coefficient is negative, i.e., the slab
is defocusing.This result applies to homogeneous as well as inhomogeneous Kerr slabs whose
linear permittivity and Kerr coefficient are continuous functions of the transverse coordinate.
For an inhomogeneous Kerr slab, blow-up solutions exist if the real part of Kerr coefficient is
bounded above by a negative number.
The emergence of blow-up solutions of nonlinear wave equations is a well-known mathematical
phenomenon [1, 2, 3, 4]. Recently it was shown that such solutions can be realized in a genuine
scattering setup and lead to a nonlinear resonance effect and a corresponding nonlinear amplification
scheme for electromagnetic waves [5]. These results make use of blow-up solutions of the Helmholtz
equation for transverse electric (TE) waves propagating in a homogeneous Kerr slab with a real and
negative Kerr coefficient. A valid question of practical importance is whether blow-up solutions and
the associated resonance effect can be realized in a Kerr slab involving losses and inhomogeneities.
The purpose of the present article is to address this question.
Because losses in a Kerr slab correspond to situations that the linear and nonlinear permittivity
of the slab takes complex values, we consider a Kerr slab of thickness L which has a complex Kerr
coefficient σ and a complex linear relative permittivity εˆl. Suppose that we choose a Cartesian
coordinate system {(x, y, z)} in which the slab fills the volume confined between the planes z = 0
and z = L, and σ and εˆl do not depend on x and y. Then the propagation of time-Harmonic TE
waves in this slab is described by the Helmholtz equation [5],
E
′′(z) + k2
[
εˆl(z)− sin2 θ + σ(z)|E (z)|2
]
E (z) = 0, 0 ≤ z ≤ L, (1)
where E (z) is the complex amplitude of the electric field, E(z, t) = e−iωtE (z)eˆy, ω := ck, c is the
speed of light in vacuum, k is the wavenumber, eˆj is the unit vector along the j-axis, and θ is the
incidence angle of the wave, so that its wavevector takes the form k = k(cos θ eˆz + sin θ eˆx).
For a homogeneous Kerr slab with no loss or gain, σ and εˆl are real constants, and we can express
the general solution of (1) in terms of Jacobi elliptic functions [6]. In particular when σ < 0, i.e., for
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a defocusing lossless (and gainless) homogeneous Kerr slab, we can construct closed-form analytic
blow-up solutions of (1). A simple example is
E⋆(z) := Ae
iϕ sec
[
pi
4
(
z
z⋆
+ 1
)]
, (2)
where
A :=
√
2r
−σ , r := εˆl − sin
2 θ, z⋆ :=
pi
4k
√
r
, (3)
ϕ is an arbitrary real number, and we have assumed that εˆl > sin
2 θ, [5]. Because E⋆(z) diverges
for z = z⋆, it is a blow-up solution of (1) provided that L ≥ z⋆.
We intend to show that the presence of losses does not obstruct the existence of blow-up solutions
of (1) as long as the real part of σ remains negative. This turns out to hold for the more general
situations where the linear permittivity and the Kerr coefficient of the slab are continuous complex-
valued functions of z. To state this result in a more compact and precise manner, we introduce:
z := kz, φ(z) := E (z/k), r(z) := εˆl(z/k)− sin2 θ, s(z) := σ(z/k), (4)
and write the Helmholtz equation (1) as
φ′′(z) +
[
r(z) + s(z)|φ(z)|2]φ(z) = 0. (5)
The following theorem is the main result of this article.
Theorem 1: Let a, b ∈ R and r, s : R→ C be continuous functions such that for all z ∈ R,
Re[r(z)] ≤ a, (6)
Re[s(z)] ≤ b < 0. (7)
Then there is a positive real number z⋆ and a solution φ⋆(z) of (5) in the interval [0, z⋆) such
that φ⋆(z) blows-up at z = z⋆.
In view of the existence theorem for the solutions of ordinary differential equations [7], (5) has a
unique local solution for any given pair of initial conditions, φ(0) = c0 and φ
′(0) = c1. To prove
Theorem 1, it suffices to choose c0 and c1 such that the corresponding solution does not extend to
[0,∞). To do this we make use of the following lemma that is proven in Ref. [4].
Lemma 1: Let u : [0,∞) → [0,∞) and h : [0,∞) → R be functions such that u is twice
differentiable, the following conditions hold
α := u(0) > 0, β := u′(0) > 0, (8)
h(s) ≥ 0 for all s ≥ α, (9)
h(u(z)) ≤ u′′(z) for all z ≥ 0, (10)
and
∫ s
α
h(s′)ds′ exists for all s > α. Then for every z in the domain of u, u′(z) > 0 and
z ≤
∫ u(z)
α
ds√
β2 + 2
∫ s
α
h(s′)ds′
. (11)
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Proof of Theorem 1: Let φ(z) be the solution of (5) fulfilling initial conditions, φ(0) = c0
and φ′(0) = c1, for some c0, c1 ∈ C \ {0}, and u : [0,∞)→ [0,∞) and h : [0,∞)→ [0,∞) be
functions defined by
u(z) :=
|φ(z)|2
2
, (12)
h(s) := −2(a + 2bs)s. (13)
Then it is easy to show that
u′ = Re(φ∗φ′), (14)
u′′ = |φ′|2 − 2[Re(r) + 2Re(s)u]u. (15)
In view of (12) and (14),
α := u(0) = |c0|2/2, β := u′(0) = |c0c1| cos(ϑ1 − ϑ0), (16)
where ϑ0 and ϑ1 are respectively the argument (phase angle) of c0 and c1, so that c0 = |c0|eiϑ0
and c1 = |c1|eiϑ1. According to (16), α > 0. Demanding that cos(ϑ1−ϑ0) > 0, we have β > 0.
Therefore (8) holds. Next, choose c0 such that |c0| >
√
2a/|b|. Then α > a/|b|, and because
b < 0 < α, for all s > α, we have
h(s) = 2(−a + 2|b|s)s > 2(−a + 2|b|α)α > 2(−a + |b|α)α > 0.
Hence h(s) fulfills (9). Furthermore, (15) together with (6), (7), and (13) imply
u′′(z) ≥ −2{Re[r(z)] + 2Re[s(z)]u(z)}u(z) ≥ h(u(z)). (17)
This establishes (10) and completes the proof that u(z) and h(s) fulfill the hypothesis of
Lemma 1. According to this lemma, u′(z) > 0 and (11) holds. If φ(x) did not have a singularity
in [0,∞), (11) would have held for all z ∈ [0,∞). This implies that for all z ∈ [0,∞),
z ≤
∫ u(z)
α
ds√
β2 + 2
∫ s
α
h(s′)ds′
<
∫
∞
α
ds√
β2 + 2
∫ s
α
h(s′)ds′
=: γ. (18)
This a contradiction, because γ is finite. In fact, evaluating
∫ s
α
h(s′)ds′ and using the result
in the expression for γ, we have
γ =
∫
∞
α
ds√
p(s− α) =
∫
∞
0
dt√
p(t)
<
∫
∞
0
dt√
q(t)
=
Γ(1/3)Γ(7/6)√
pi
(
3
β|b|
)1/3
<
2.023
(β|b|)1/3 ,
where
p(t) :=
8
3
|b|t3 + 4(2α|b| − a)t2 + 8α(α|b| − a)t + β2,
q(t) :=
8
3
|b|t3 + β2,
Γ is the Euler’s Gamma Function, and we have made use of the fact that α and α|b| − a are
positive real numbers. 
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The above proof of Theorem 1 shows that whenever c0c1 6= 0 and cos(ϑ1 − ϑ0) > 0, there is
a real number z⋆ smaller than 2.023 × (β|b|)−1/3 such that the solution of (5) satisfying the initial
conditions, φ(0) = c0 and φ
′(0) = c1, blows up at z = z⋆. In terms of the physical parameters of the
Kerr slab, this means that the Helmholtz equation (1) for the slab will have a blow-up solution, if
the real part of its Kerr coefficient σ is bounded above by a negative number b, E (0)E ′(0) 6= 0, the
phase angles for E (0) and E ′(0), namely θ0 and θ1, satisfy cos(ϑ1 − ϑ2) > 0, and
L ≥ L⋆ := 2.023[
k2
∣∣bE (0)E ′(0)∣∣ cos(ϑ1 − ϑ0)]1/3 . (19)
For the solution (2), L⋆ = 1.274/k
√
r = 1.622 z⋆ > z⋆, where we have used (3). Therefore (19) is
consistent with the fact that whenever L ≥ z⋆, (2) gives a blow-up solution of (1) for a homogeneous
Kerr slab with real linear permittivity and real and negative Kerr coefficient.
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